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Abstract 
Cavicchioli, A. and F. Hegenbarth, On the determination of PL-manifolds by handles of lower 
dimension, Topology and its Applications 53 (1993) 111-118. 
We extend the Montesinos theorem about handle presentations of PL 4-manifolds to dimension 
n. For this we consider closed PL (n + l&manifolds of the same homotopy type as X= #,(S’ X 
Sn). Then we extend PL homeomorphisms of X over the solid handlebody. 
Keywords: Handle presentation; Surgery; Homotopy type; Genus. 
AMS CMOS) Subj. Class.: 55N1.5, 55P15, 57NlS, 57N37. 
1. Introduction 
The intention of this paper is to prove an extension to dimension II of the 
following well-known theorem 
Theorem 1.1 (Montesinos [14]). Each closed orientable PL 4-manifold M4 with 
handle presentation 
M=H”uAH’upH2uyH3uH4 
is completely determined by Ho U h H1 U /1 H ‘. 
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For this we prove that any PL homeomorphism of X = #, (S’ X S”> extends to 
the solid handlebody Y= #,(S’ X D”+‘) with boundary X (Section 3). 
Then the proof can be completed as in [14]. As a consequence, we also give a 
characterization of S’ X S” using the regular genus (Theorem 4.1). Using classical 
results of surgery theory, we also prove that any closed PL (n + l)-manifold (n > 4) 
of the same homotopy type as X is PL homeomorphism to X (Section 2). This is 
related to results of [lo] (p = 1, n > 4) and [6] (p = 1, n = 3). Moreover, any 
self-homotopy equivalence of X is homotopic to a PL homeomorphism (compare 
[17] for p = 1). 
Through the paper we work in the piecewise linear PL category (see for 
example [SD. 
2. Manifolds homotopy equivalent to #$, (S’ X S”) 
This section is devoted to prove the following 
Theorem 2.1. Let Mnfl, n 2 4, be a closed connected PL (n + l)-manifold of the 
same homotopy type as #,<S’ x Sn). Then M is PL homeomolphic to #,<S’ X Sn>. 
This theorem is related to results of Lashof and Shaneson for p = 1, n > 4 (see 
[lo, Proposition 1.11) and Freedman and Quinn for p = 1, n = 3 (see [61). For 
n = 2, the result also holds up to a connected sum with a homotopy 3-sphere (see 
[7, p. 573). Furthermore, in [4] it was proved that a manifold M4, homotopy 
equivalent to #,(S’ x S3>, is s-cobordant to it. 
Proof. We apply standard techniques of surgery theory (see [13,171). 
Given a closed orientable PL (n + l)-manifold X”+‘, n 2 4, we have the exact 
surgery sequence (see [171) 
[Z(X);G/PL] 2 Ln+2(111) L ZZ+ i(X) 
L [X;G/PL] = L,+l(nJI1). 
Recall that L,(17,) is the mth Wall group in the oriented case and pn+,(X> is the 
set of equivalence classes of pairs (h, Y>, Y an orientable closed PL (n + l)- 
manifold, h : Y -+ X an orientation-preserving simple homotopy equivalence. Two 
pairs (h’, Y ‘) and (h, Y) are equivalent if there exists an orientation-preserving PL 
homeomorphism CE : Y + Y’ such that h’ 0 & is homotopic to h. 
If we set Xnt’ = #,<S’ x Sn>, then it suffices to prove 9”+,(X) = 1. For this, 
we prove that: 
(1) a,,1 and v,,+~ are surjective, i.e., the sequence 
* - %+1(X) L [X;G/PL] = L,+1(17,) - * 
is exact. 
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(2) The Abelian groups [X ; G/PLl and L,, ,(II,) are isomorphic. 
In order to prove Cl), we have two cases: 
Case 1.1: n = 4k + cx, cy = 0, 2. 
Since Xn+i is orientable, any imbedded sphere f: S’ -tX has trivial normal 
bundle, i.e., fextends to an imbedding f : S’ X D” +X. Let fi, f2,. . . , fp : S’ X D” 
+X be disjoint imbeddings such that 
f, =fllsbm? L =f2Lbo.. . $i =fpl$xo 
represent a set of generators of n,(X) (by general position this is always possible). 
There exists a normal map (4a, b,), $, : (W, tW> --+ (D4k+n, S4k+a-1), such 
that I,!J~ I aw is a homotopy equivalence (implying 8Yep,_ S4k+ol-1 for k > 1) and 
u,J$~) = 1 E L4k+n(l) = L4k+oi(Z) = Z,. Here Z, denotes the cyclic group Z/cyZ. 
For k > 1 we refer to [l] (see [l, Theorems V.2.9 and V.2.111) and for k = 1 we 
assume W = 11 E, 11 \(Cball) (see [6]). 
Let l$’ be the manifold obtained from W by capping off the sphere aW with an 
(4k + a)-ball. By the addition property (see [l, 11.1.4, p. 321) we obtain a normal 
map 4, : l& S” such that (~(4,) = 1. Let !v$ (i = 1, 2,. . . , p> be the (n + l>- 
manifold obtained from X by deleting fii(S’ X 0”) and attaching S’ X @\S’ X sn 
by an obvious identification of their boundaries. In this way we obtain a normal 
map of degree one 
&:N,+x=x\fj(s’x8n) u s’xs”\s’x8n 
S’XS”_’ 
for i = 1, 2,. . . , p. Then the surgery obstruction ~,+,(5~> is exactly the ith genera- 
tor of L,, ,(Il,> = L,, J *P Z) = @,Z, ( see [2]). Here *p Z denotes the free 
product of p factors isomorphic to Z. Thus the homomorphism an+ 1 is onto as 
requested. 
Case 1.2: n = 4k + p, p = 1, 3. 
Let (Y = 1 + p and let 4, be as above. Then we take the identity Id, : X-+X 
and form the connected sum 
j,#Id, : ti#X + S” + ‘#X = X. 
The additivity of surgery obstructions and the equality &Id,) = 0 imply that 






(see [2]). Thus the map u,, + 1 is onto. A similar proof also holds for u~+~ by taking 
products with I = [O, 11. 
(2) Let f, g : X + G/PL be two maps. Then f and g are homotopic if there 
are no obstructions lying in Hq(X; IIT,(G/PL)) (see [El). Recall that 
0, q=1,3 (mod4), 
nq(G/PL) = Z,, q = 2 (mod 4), 
Z, qEO(mod4) 
(see [161). 
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If II = 4k + cy, LY = 0, 2, then the only obstructions lie in H”(X; II,(G/PL)) = 
q,I&(G,‘PL). 
If y1 = 4k + /3, /3 = 1, 3, then the only obstructions lie in 
H”+‘(X;II,+,(G/PL)) =II,+r(G/PL). 
Because any obstruction can be realized by a map X+ G/PL, one obtains 
hence [X ; G/PL] = L, + ,(II,) as Abelian groups. 
Thus the epimorphism a,, , : [X ; G/PLl --) L, + ,(lI,> must be injective. This 
completes the proof of the theorem. 0 
The above proof yields the following extension of [17, Lemma 16.2, p. 2321. 
Corollary 2.2. Any self-homotopy equivalence of #,CS’ X Sn>, n > 4, is homotopic to 
a PL homeomorphism. 
3. Extending homeomorphisms of #, (S’ X S”) 
Set x = #,<S’ x S”) for n 2 4. Let Aut(X) (respectively Auto(X)) be the group 
of (respectively orientation-preserving) PL self-homeomorphisms of X, SE,(X) 
the group of homotopy classes of orientation-preserving self-homotopy equiva- 
lences of X and Aut(ll,) the group of automorphisms of II,(X). We have the 
following canonical commutative diagram 
Aut,(X) L SE,(X) 5 AutUI,) 
k Aut(X< 
Laudenbach and Poenaru (see [12, p. 3401) proved that f3 is surjective. Corollary 
2.2 implies the surjectivity of r. Now it is very easy to see that 19” is also epi. 
Indeed, for any 5 E AutUI,) there exists f E Aut(X) such that f * = 5. If deg( f) = 
1, then [f ] E SE,(X) and 0,[ f ] = 5. Otherwise, we compose f with the map 
r’=#,(Id,lXr):X+X, 
where r : S” + S” is the reflection on the 1st coordinate. Then [f 0 r’l E SE,(X) 
and e,[f or’]=,$. 
In order to prove the theorem of Montesinos for rz > 3 we have to extend any 
self-homeomorphism of X= #,(S’ X S”) to the solid handlebody Y= #,<S’ X 
D”+l). For convenience we assume that Y is canonically imbedded in Rn+2. 
Without loss of generality we can restrict our attention to orientation-preserving 
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homeomorphisms. In fact, there is a self-homeomorphism of Y which is orienta- 
tion-reversing in the boundary X as shown above. 
From the previous commutative diagram we obtain the following exact sequence 
1 + Ker 6 + Aut,( X) e-e,V Aut( n,) + 1, 
i.e., Aut,(X)/Ker 6 = Aut(II,). 
First we prove 
Proposition 3.1. Let f : X -+X be a PL homeomorphism which is homotopic to the 
identity Id,, i.e., f E Ker 6. Then f extends to a self-homeomorphism of Y. 
Proof. Let f : X+X be a PL homeomorphism homotopic to the identity. Let Y 
be the boundary connected sum #p (S’ x Dn+‘). Obviously the boundary of Y is X. 
We have to prove that f extends over the solid handlebody Y. Form the manifolds 
M = Y u,, Y and N = Y uf Y. Obviously M is PL homeomorphic to #, (S’ X Sn+l). 
Furthermore N is homotopy equivalent to M since f is homotopic to the identity. 
Let i,:Y-+M and j,:Y+N (respectively i,:Y+M and j,:Y+N) be the 
canonical inclusions of Y into the first (respectively second) copy of it. For 
simplicity we identify Y = i,(Y) with Y = j,(Y) so that A4 n N = Y. 
Note that 
f=j,I,‘oj,I,. 
We can identify the fundamental groups of M and N by the natural inclusions 
i, : Y c M and j, : Y c N. By Theorem 2.1 there is a homeomorphism g : M + N. 
Since any automorphism of II,(M) is induced by a PL homeomorphism A4 + M, 
we can always assume that the induced automorphism g, : L!,(M) + L!,(N) = 
17,(M) is the identity. 
Let S! be the canonical ith S’-factor of Y for i = 1, 2,. . , p. Then the l-sphere 
_Z! = g(S!) is homotopic to S!, hence they are also isotopic as dim Y > 4. Then we 
isotope g to a map h which sends the l-dimensional graph G = Vf= ,S! (one-point 
union) in Y to itself via the identity. We can assume that the map h is also the 
identity on a regular neighborhood W of G in Y = M f~ N (see Fig. 1). Since 
h-‘(j,(Y)) = h-‘(Y) is also a regular neighborhood of G, there exists a PL 
homeomorphism $ : M + M and a regular neighborhood W’ c int W such that 
(1) I,/J ( WC = identity, 
(2) $(h-‘(Y)) = Y, 
(3) 1,6 is isotopic to the identity. 
Let k = h 0 $I-‘. Then we have k(Y) = Y, k 1 w’ = identity and k(i,(Y)) =j,(Y). 
The homeomorphism k defines two homeomorphisms 
k, = j;’ okoi,:Y-Y 
and 
k,=j;‘okoi,:YjY. 




This implies that k, 0 k;’ is an extension of f to Y. 0 
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Now we are going to extend an arbitrary self-homeomorphism of X to Y. By 
[ll, p. 3391 and [12, Section 5.31, the group Am,(X)/ Ker 6 = Aut(ll,) is gener- 
ated by sliding l-handles, twisting l-handles, permuting l-handles and rotations. 
We recall that all these generators extend to Y as proved in [11,12]. 
If f~ Aut,(X), then 6((f) can be represented by a homeomorphism g : X+X 
which extends to a homeomorphism G : X + Y. Since g-’ 0 f E Ker 6, the compo- 
sition g-’ 0 f is homotopic to the identity Id,. By Proposition 3.1 the map g-’ 0 f 
extends to a homeomorphism H : Y +Y. Then F=GoH:Y+Y is an extension 
of the given homeomorphism f. 
Summarizing we have proved the following 
Proposition 3.2. Any self-homeomorphism f : X -+ X extends to the solid handlebody 
Y. 
As an consequence we obtain 
Corollary 3.3. Let N” be a compact connected PL m-manifold, m > 4, with 
boundary 3N = #,<S’ x S mP2>. Then the manifold NU #,(S’ XD”-‘) is indepen- 
dent of the way of pasting the boundaries together. 
For m = 4, this result was proved in [14, Theorem 21. 
Proof. Let f, g: X-+X, X= #,<S’ XS m-2), be arbitrary PL homeomorphisms. 
We have to show that the manifolds N Us Y and N U, Y, Y = #,(S’ X D”-l), are 
PL homeomorphic. Indeed, the composition g-’ oId, 0 f: X+X extends to a 
homeomorphism T: Y + Y. Then the map Id, U T: N Uf Y + N U, Y is the re- 
quested homeomorphism. q 
This corollary implies the following result about handle presentations of mani- 
folds. 
Corollary 3.4. Each closed orientable n-manifold M” with handle presentation 
M=H”uA,H’U .*. UA,_,H”-‘UH” (n&4) 
is completely determined up to homeomorphism by 
HO u h,H’ u . . . u A,_2H”-2. 
4. Epilogue 
In this short section we merely mention a characterization theorem of S’ x S” 
among closed PL (n + l)-manifolds by using the regular genus. We postpone the 
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complete treatment to a future paper, entitled “On the topological structure of 
genus one PL-manifolds”. For the definition of the regular genus of a closed 
PL-manifold we refer for example to 131. In [3] it was proved that the unique closed 
PL 4-manifold of genus one is S’ X S3. Using Corollary 3.4 and the combinatorial 
calculations of [3], we can prove the following result. 
Theorem 4.1. Let M”+’ be a closed PL (n + l&manifold (n 2 4). Then the regular 
genus of M is one if and only if M is PL homeomorphic to S’ X S”. 
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